Abstract-The relation between the structure function of a one-port dynamic thermal network and the spatial distribution of thermal properties in a heat diffusion problem with applied boundary conditions is generalized from 1-D heat flows to multidirectional heat flows. A strategy for exploiting this relation is derived which allows an accurate localization of defects and measurement of thermal properties in components and packages not only when the heat diffusion problem is 1-D but also 3-D.
I. INTRODUCTION

S
TRUCTURE functions have been originally used by V. Székely et al. as means for inferring on the spatial distributions of thermal properties in components and packages [1] . In fact a 1-D heat diffusion problem in which power is injected at one boundary and temperature rise is measured at the same boundary, in literature referred to as one-directional heat flow [2] , defines a one-port passive dynamic thermal network modelled by a short-circuited RC transmission line. This short-circuited RC transmission line is naturally modelled by a structure function [11] which relates the cumulative thermal resistance and capacitance along the line. From the port response of the one-port passive dynamic thermal network the structure function of the short-circuited RC transmission line can be determined. In this way information on the spatial distribution of thermal properties are recovered from the port response of a dynamic thermal network [1] - [7] .
However in practice this technique is used in applications which can only be approximated by one-directional heat-flows. The more inaccurate is this approximation, the more inaccurate are the recovered information on the spatial distribution of thermal properties. The situation is even more critical for a generic 3-D heat diffusion problem, hereafter referred to as multidirectional heat-flow. For a one-port passive dynamic thermal network, modelling such a heat diffusion problem, a structure function can still be defined, as recently proven by the author in [8] . However the relation between the structure function and the spatial distribution of thermal properties in the thermal problem is not known.
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Digital Object Identifier 10.1109/TCAPT. 2007.906315 problem is considered. First, a relation between the structure function of such one-port passive dynamic thermal network and the spatial distribution of thermal properties is established. Second, a novel strategy is derived for exploiting structure functions in practical applications. As shown by numerical examples, this strategy allows an accurate localization of defects and measurement of thermal properties in components and packages not only when the heat flow is approximately one-directional but also when it is multidirectional. By numerical examples it is also shown that, for heat-flows which are only approximately one-directional, applying the conventional strategy for localizing defects or measuring thermal properties [4] instead of the novel strategy here proposed, much lesser accurate estimations are obtained. The remainder of this paper is organized as follows. In Section II the definition of structure function of one-directional heat flow is recalled. The generalization of structure function to multidirectional heat flow is recalled in Sections III, IV. The relation between structure functions and spatial distributions of material properties is proven in Sections V, VI by means of wave-fronts and rays of a wave propagation problem associated to the heat diffusion problem. Examples, both analytical and numerical, are presented in Sections VII, VIII.
II. STRUCTURE FUNCTIONS OF ONE-DIRECTIONAL HEAT FLOWS
We first recall the main results on structure functions of onedirectional heat flows. Let us consider a heat diffusion problem in a cylinder of length and cross section , in which the longitudinal coordinate varies from 0 to . We assume that thermal properties are uniform at each cross section, that the heat flux across the boundary surface is uniform, that the temperature rise at the boundary surface is zero and that the heat flux across lateral boundary surfaces is zero. This heat diffusion problem is 1-D and ruled by the first principle of thermodynamics and by Fourier's law as follows:
(1) (2) in which is the temperature rise, is the heat flux component in the direction, is the volumetric heat capacity and is the thermal conductivity. Boundary conditions are (3) (4) being the total power injected at the boundary surface 0. The initial condition is assumed to be zero (5) Such heat diffusion problem is referred to as one-directional heat flow [2] .
Structure functions can be introduced for such heat diffusion problems as follows. Equations (1)- (4) are rewritten as (6) (7) with boundary conditions (8) (9) and initial condition (10) being and . These equations rule a passive RC transmission line. The output port is short-circuited. At the input port a power is injected and a temperature rise (11) is measured.
By introducing the cumulative capacitance and cumulative resistance (12) (13) and by substituting (12) and (13) into (6) and (7) it results in (14) (15) In this way the function has been introduced. The function, inverse of , is the (cumulative) structure function [1] . Such a structure function is related to the spatial distribution of thermal properties in the one-directional heat flow by means of (12), (13 from which, by inverting , the structure function is obtained.
This fact together with Proposition 1 can be usefully exploited in practical applications as reported in literature [1] , [4] , [5] . Let be a one-directional heat flow and let its structure function be recovered from the thermal response . Let be a second one-directional heat flow presenting a difference in spatial distributions of thermal properties with respect to and let its structure function be recovered from the thermal response . If, in addition to structure functions and , the spatial distribution of thermal properties in is known, then the position at which the spatial difference of thermal properties begins in can be recovered as the coordinate at which the value of (17) coincide with the value of (16), being the smallest value at which the two structure functions and differ. A localization of defects can thus be obtained in this way.
Conversely, if the spatial difference of thermal properties is known to begin at , then (17) for can be evaluated by using (16) , being the smallest values at which the two structure functions differ. Values of thermal properties can thus be recovered in this way.
These results are limited to one-directional heat flows. However practical applications at most can be modelled only approximately by one-directional heat flows. In this cases the notion of structure function, previously recalled, ceases to be wellfounded. Thus Proposition 1 does not hold any more. As a result, at most only approximate localization of defects and values of thermal properties can be recovered [4] , [5] in these cases. The generalization of these results to generic 3-D heat diffusion problems is hereafter investigated.
III. STRUCTURE FUNCTIONS OF MULTIDIRECTIONAL HEAT FLOWS
It has been recently shown by the author in [8] that structure functions can be introduced also for one-port passive dynamic thermal networks modelling generic 3-D heat diffusion problems. Precisely, let us consider a 3-D heat diffusion problem in a bounded spatial region , hereafter referred to as multidirectional heat flow. The relation between the generated power density , the temperature rise distribution and the heat flux density is ruled by the First Principle of Thermodynamics and by Fourier's law as follows:
in which is the volumetric heat capacity and is the thermal conductivity. Conditions on the boundary , assumed of Robin's type, are (23) in which is the heat transfer coefficient, is the unit vector outward normal to and . Initial condition is assumed to be zero (24) A one-port passive dynamic thermal network can be defined as in [8] - [10] , by introducing the power and the temperature rise measured at its port as follows. The power determines the power density as (25) in which is a chosen function whose support is . The temperature rise is a weighted mean of defined by
As with one-directional heat flows, the natural means for characterizing the port response of this one-port passive dynamic thermal network is the power impulse thermal response , in the time domain, and the thermal impedance function , in the complex angular frequency domain. Moreover, as proven in [8] ,
can be modelled by a short-circuited RC transmission line. Such an RC transmission line is ruled by (14) , (15) . Thus, is it characterized by a structure function, which can be determined from the port response of by solving (18) and (19).
We note that any definition of port temperature different from (26) leads to a one-port thermal network which is in general active, as verified in [8] . In this case cannot be modelled by a passive RC transmission line and thus cannot be characterized by a structure function.
IV. ANALYTICAL EXAMPLE: PART I
Let us consider a cylinder of length and cross section in which the longitudinal coordinate varies from 0 to . We assume that thermal conductivity and volumetric heat capacity are uniform in , that the temperature rise at the boundary surface is zero and that the heat flux across the other boundary surfaces is zero. Also we assume that a power is uniformly generated in the sub-region of 0 l . We note that this is not a one-directional heat flow since power is not injected at 0. According to (26), the mean temperature rise in is the temperature rise of a one-port passive thermal network . The thermal impedance of , obtained as in [12] , is 
V. COMPANION WAVE PROPAGATION PROBLEM AND ONE-PORT LOSSLESS NETWORK
From Section III it follows that structure functions define also one-port passive dynamic thermal networks modelling generic 3-D heat diffusion problems. However the relation between structure functions and spatial distributions of thermal properties is not known for multidirectional heat flows. Thus in this cases no information on the spatial distribution of thermal properties can be recovered from structure functions.
In the present and in the next section the relation between the structure function of a one-port passive dynamic thermal network and the spatial distribution of thermal properties in multidirectional heat flow is established. This is not done by considering directly the heat diffusion problem and the one-port passive thermal network. Instead a companion wave propagation problem and a one-port lossless network are considered. The wave propagation problem, in the unknown variables , is defined in as follows:
with boundary conditions on (35) being , and initial conditions in
By construction the spatial distributions and are common to the heat diffusion problem and to the wave propagation problem.
The one-port lossless network is obtained from the wave propagation problem by defining the current and the voltage measured at its port. The current determines as Thus, since can be modelled by a short-circuited RC transmission line, as recalled in Section III, then from the theory of linear circuits it descends [13] that can be modelled by a short-circuited LC transmission line obtained from the short-circuited RC transmission line modelling by substituting all resistive elements with inductive elements.
The equations ruling this short-circuited LC transmission line can be written in the form (41) (42) in which and are the cumulative capacitance and inductance along the line, and are the currents and voltages along the line. These equations are the analogous for of (14) and (15) for . In particular the function, is the structure function of the LC transmission line.
By construction, the structure function of the short-circuited LC transmission line modelling coincides with the structure function of the short-circuited RC transmission line modelling . Such a structure function thus characterizes not only but also .
VI. RELATION BETWEEN SPATIAL DISTRIBUTIONS OF THERMAL PROPERTIES AND STRUCTURE FUNCTIONS
The relation between the structure function of the one-port passive dynamic thermal network and the spatial distribution of thermal properties is established by defining the relation between the material properties and of the wave propagation problem and the structure function of the one-port lossless network introduced in Section V.
Let be the solution of the wave propagation problem in response to a unit impulse . Let be the sub-region of in each of which at some and let be its boundary. Similarly let be the sub-region of in each of which at some and let be its boundary. The and regions can be characterized as follows. The region is the support of . Since from (33)- (36) it is is the region in which power is generated. Similarly is the support of , which is a sub-region of . The and surfaces are the wave fronts of and of , respectively, which propagate at finite velocity, at each given by . Precisely the surface is defined by in which is solution to the eikonal equation [14] (43) such that 0 defines the surface . Similarly the surface is defined by in which is solution to the eikonal equation (44) such that 0 defines the surface . The family of rays orthogonal to the family of wave fronts can also be introduced, as shown in Fig. 2 . In particular for a ray going either from to or from to it results in
We note that wave fronts and rays of the wave propagation problem are different from isothermal surfaces and trajectory lines of the heat diffusion problems.
The and regions are crucial for relating spatial distributions of thermal properties to structure functions. In fact by using Lemma 2 of Appendix A the following main result follows.
Proposition 2: For each , the restriction of the structure function to 0 , is affected by all and only the values of in and of in , being . By means of the example in Section VII it is verified that it is not possible to extend Proposition 1 in the same way for different choices of and in particular for 1 and , corresponding respectively to the definitions of cumulative resistance and capacitance. The established relation between spatial distributions of thermal properties and and structure function can be usefully exploited in practical applications. Precisely let be a multidirectional heat flow and let its structure function be known. Let be a second multidirectional heat flow presenting a difference in spatial distributions of thermal properties with respect to and let its structure function be known. If, in addition to structure functions and , the spatial distribution of thermal properties in is assumed to be known, then wave-fronts and can be determined by solving (43) and (44). From Proposition 2 the spatial difference of thermal properties between and can be recovered to start on either wave-front or , in which being the smallest value at which the structure functions and differ. Conversely, if the spatial difference of thermal properties between and is known to start on either a wave-front or , then the value of the integral in which is a ray going from to or from to , can be recovered by computing being again the smallest value at which the structure functions and differ. This strategy for exploiting structure functions is novel. As shown in the numerical results of Section VIII it allows an accurate localization of defects and measurement of thermal properties in components and packages not only when the heat flow is approximately one-directional but also when it is multidirectional.
VII. ANALYTICAL EXAMPLE: PART II
Let us reconsider the heat diffusion problem of Section IV. The relation between the structure function and the spatial distribution of thermal properties follows from Proposition 2. Thus for each the restriction of the structure function to the interval is affected by all the values of the volumetric heat capacity in and by all and only the values of thermal conductivity in in which is given by (46) and
as shown in Fig. 3 . Besides, from (47), it follows:
being the distance from traveled by wave-fronts . It is also
In this way, it is proved that Proposition 1 cannot be extended from one-directional to multidirectional heat flows in particular for 1 and . Let us now exploit Proposition 2 as proposed in Section VI. Let us consider the case , hereafter referred to as heat diffusion problem . Its structure function is reported in (29). By doubling the thermal conductivity within 0 2 3 , the heat diffusion problem is transformed into a different heat diffusion problem . The impedance function for the heat diffusion problem, computed as in [12] , is
Then by solving (18) and (19) for the heat diffusion problem the following structure function is obtained:
The structure functions of and are compared in Fig. 4 . The smallest value at which they differ is If, in addition to structure functions and , the spatial distributions of thermal properties in the heat diffusion problem are assumed to be known, then the wave-fronts of are known by (48) and (49) with . Thus, from Proposition 2, a spatial difference in thermal conductivity between and is recovered to start on , in which (52) and thus it is exactly recovered at 2 3. Conversely, if the spatial difference of thermal properties between and is known to start at 2 3, then the exact value of in which is the ray going from at to at 2 3, as shown in Fig. 5 , is recovered from structure functions to be given by (52)
VIII. NUMERICAL EXAMPLE
We consider a ball grid array (BGA) package. It contains a single die in which heat is generated. The upper face of the die is separated from a cap by a thermal grease. The lower face of the die is connected to a substrate via a controlled collapse chip connection (C4). The die is electrically connected by means of vias in the substrate and by a column grid array connected to the substrate. A 3-D detailed thermal model of this BGA package is introduced as in [10] , whose cross section is shown in Fig. 6 .
By defining boundary conditions, of Robin's type, a 3-D heat diffusion problem for this detailed thermal model is defined. Such heat diffusion problem is discretized by means of the finite difference method using a 3-D cartesian grid with about 175 000 nodes. A power is assumed to be uniformly generated at the top of the die. By introducing the mean temperature at the top of the die, a one-port passive dynamic thermal network is defined as in Section III. Its structure function , shown in Fig. 6 , is estimated from the discretized heat diffusion problem by applying the Lanczos algorithm as in [16] .
The thermal conductivity of the vias in the region of the substrate beneath the die, shown in Fig. 7 , is now halved. In this way the heat conduction problem is modified into and the one-port passive dynamic thermal network is modified into . Its structure function , shown in Fig. 8 , is estimated by applying the Lanczos algorithm again. The smallest value at which the two structure functions and differ is estimated from Fig. 8 to be K/W. Also it is estimated (53)
Thus if, in addition to structure functions and , also the spatial distribution of thermal properties in is assumed to be known, the wave fronts in can be computed by solving (43), (44). Then from Proposition 2, the spatial difference in thermal properties between and is recovered to start on the wave front which is 1.47 mm below the top of the die, as shown in Fig. 7 . This accurately approximates the exact value of 1.46 mm, with an error below 1%. An accurate localization of the defect in the modified package with respect to the reference package is achieved in this way.
Differently, by approximating the heat flow as one-directional and by applying Proposition 1 with 1 instead of Proposition 2 for localizing defects, as proposed in [4] and commonly done in practice, a much lesser accurate result is obtained. In fact, since the spatial distribution of thermal properties in is assumed to be known, from (13) in the form (54) in which is the die area, is the distance from the top of the die and is the thermal conductivity below the top of the die at distance , it is recovered 0.93 mm, thus estimating with a 36% error the distance below the top of the die from which the spatial difference in thermal properties between and begins.
Conversely, if in addition to structure functions and , the position of the modified vias is known, then from (53), the quantity (55) in which is a ray going from the top of the die to the vias of modified thermal conductivity as shown in Fig. 7 , is accurately estimated to be 0.59 s , the exact value being 0.60 s .
Moreover if for instance only the value of the thermal conductivity of the vias in beneath the die is unknown, it is recovered from (55) to be 30.2 W/m K, which accurately approximates the exact value of 30.6 W/m K.
This approach can be applied also to multidirectional heat flows which cannot be well approximated by one-directional heat flows. In fact let us assume that now the thermal conductivity of the vias in the region of the substrate beneath the die shown in Fig. 9 is halved. In this way the heat conduction problem is modified into and the one-port passive dynamic thermal network is modified into . Its structure function , shown in Fig. 10 , is estimated by applying the Lanczos algorithm.
The smallest value at which the two structure functions and differ are estimated from Fig. 10 to be 0.41 K/W. Also, it is estimated (56) Thus, if in addition to structure functions and , the spatial distribution of thermal properties in is also assumed to be known, the wave fronts in can be computed by solving (43) and (44). Then, from Proposition 2, the spatial difference in thermal properties between and , is recovered to start on the wave front which is 3.01 mm below the top of the die, as shown in Fig. 10 . This accurately approximates the exact value of 2.97 mm, the error being below 2%. Thus an accurate localization of the defect is achieved also in this case.
Conversely, if in addition to structure functions and , the position of the modified vias in is known, then from (56), the quantity (57) in which is a ray going from the top of the die to the vias of modified thermal conductivity, is accurately estimated to be 1.09 s , the exact value being 1.08 s . Moreover if for instance only the value of the volumetric thermal capacity of the vias in beneath the die is unknown, it is recovered from (57) to be 35. 4 10 J/K m , which accurately approximates the exact value of 35.0 10 J/K m . 
IX. CONCLUSION
The relation between the structure function of a one-port dynamic thermal network and the spatial distribution of thermal properties in a heat diffusion problem has been generalized from one-directional heat flows to general multidirectional heat flows. A strategy for exploiting this relation has been derived which allows an accurate localization of defects and the measurements of thermal properties in components and packages not only when the heat flow is approximately one-directional, but also when it is multidirectional. The first term in (58), after exchanging the order of integrations, applying the divergence theorem, and using (34) and (35), becomes
The second term in (58), after exchanging the order of integrations, becomes
The third term in (58) 
